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AHU3OTPOMUNHBLIN AHANA3 B CITYYAE
HEHYNEBbIX HAYAJIbHbIX YCITOBUI!

Boiiuenko B.A.?
(OI'BYH Uncmumym npobnem ynpagnenus
um. B.A. Tpanesnuxosa PAH, Mockea)

ObvblunO aHU30MPONULIHAS MeopUsi YNPAGIeHUs: usyyaem JUuHelHble
cmoxacmuyeckue CUCMeMbl ¢ HYNeBblMU HAYANbHBIMU YCA0GUAMU.
B oannoii pabome 06vexmom anu30mMponuiiHo20 Ananu3a A6IsI0mcs
JIUHeliHble QUCKPEemHble CHAYUOHAPHBIE CUCIEMbL C HEHYIeBbIMU HA-
YANLHBIMU YCIOBUAMU. B coomeemcmeuu ¢ ocHosHbiMu nocmynamamu
AHU30MPONUUHOU MeopuU 6 Kayecmee Kpumepus Kaiecmea Uchoib-
3yemcst 0600WEHNBLI AHUZOMPONULIHBLIL KO uyuenm ycuienus, Ko-
Mopbvlil onpedensiemes KaKk MAakCumym o0O0OWEHH020 cpedHeKsaopa-
MUYHO20 KOIPPuyuenma ycunenus CUCmeMsl ¢ HeHYNe8bIMU HAYAlb-
HOLMU YCIOGUAMU U CTIVYAUHBIM 8X000M, AHU3OMPONU KOMOPBIX He
npegvluiaen 3a0aHHO20 HEOMPUYAMENbHO20 3HAYEHUS Q.

KiroueBble cnoBa: aHW30TpOIUITHAS TEOpUsl YIPaBIEHUsS, aHU30TPO-
MUifHAs HOpMa, Ho-HOpMa, H oo-HOpMA.

BeedeHue

Xoporio n3BecTHbIE Ho- U Hoo-TEOPUHU TOCTPOCHUS ONTHMAJIh-
HBIX PETyJIsSTOPOB, MUHUMHU3HUPYIOIINX BIUSHUE BHEIIHUX BO3MYIIIE-
HUM Ha BBIXOJA JIMHEHMHOW CTalMOHAPHOW CUCTEMBI, OCHOBaHbI Ha
WCITOJIb30BaHUN B KaueCTBE KPHUTEPUEB KadecTBa Ho- U Hoo-HOPM
MaTPUYHO3HAYHBIX MEPEAATOYHBIX (YHKIMH 3aMKHYTBIX CUCTEM. Ho-
TEOpHsl MpeArojaraeT, YTo Ha BXOJ CHUCTEMBbI IMOCTyNaeT Clydai-
HBIl CUTHAJ, SBJISIFOIINIACS TayCCOBCKUM OCNBIM IIYMOM. H oo-TCOPHS

! Paboma evinonnena npu gpunaincosoti noodepxcke PODU, zpanm Ne 14-
08-00069.
2 Botiuenxo Buxmop Anexcandposuy, H.c., (victor@ipu.ru,).
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[IPENIONIaraeT, 9YT0 BXOAHOE BO3MYIIICHHE SIBISIETCS KBaIPaTUIHO CyM-
MHPYEMBIM CHUTHAJIOM.

B aHu3oTponuiiHoii Teopun yrpaBieHUs BBOAUTCS MOHSITHE aHU-
30TPONUNHON HOPMBI CHUCTEMBI, KOTOpas SIBISIETCSI MEPOMl 4yBCTBU-
TEJIBHOCTH BBIXO/Ia CUCTEMBI K CIIy4allHOMY BXOJHOMY CUTHAIy C W3-
BECTHBIM B OIPEEIIEHHOM CMBICIIE OTKIOHEHHNEM OT MOCIEI0BaTEIb-
HOCTH, SIBIISTFOICHCS TayCCOBCKAM OENBIM IIYMOM. AHU30TPONUITHAS
HOpMa CHCTEMBI SIBISCTCS WHIYyIHMPOBAHHOW HOPMOMH, MpeaeIbHBIMI
Clly4JasiMU KOTOPOH SIBISOTCA Ha- U H oo-HOPMBI, KOTZIa aHU30TPONHUS
a BXoAHoro curHana a — 0 ¥ @ — 00 COOTBETCTBEHHO.

OOBIYHO B paMKax aHW3OTPOIMUHON TEOPHH YIpPABICHUS pac-
CMaTpPUBAIOTCA CTOXAaCTUYECKUE CHCTEMBI C HYJIEBBLIMH HauyaJbHBIMU
ycnoBusMH. B maHHOM paboTe 00EKTOM aHU30TPONMUITHOTO aHaIH3a
SIBIISIFOTCSI IMHEHHBIE TUCKPETHBIC CTAIIHIOHAPHBIE CUCTEMBI C HEHYIIe-
BBIMH HAYaJHHBIMH YCIOBHSAMH. B COOTBETCTBHM C OCHOBHBIMHU IIO-
CTyJIaTaMU aHU30TPONHUIHON TEOPUU B KaUECTBE KPUTEPHUS KauecTBa
HCIIONB3YeTCsl 000OIMIEHHEIN aHU30TPOTUHHEIN K03 PUIHEeHT ycuIe-
HUS, KOTOPBIA OmNpeaenseTcs Kak MakCHMyM OOOOIIEHHOTO cpeHe-
KBaJ[paTUYHOTO KO3(P(HIIMEHTa YCUIICHUS CHUCTEMBI C HEHYJIEBBIMH
HayaJIbHbIMH YCJIOBUSMHU U CIy4YailHBIM BXOAOM, aHM30TPOINHUS KOTO-
PBIX HE TPEBHIIIAET 3aJAHHOTO HEOTPUIATEIFHOTO 3HAUCHUS a.

1. OcHoeononazawWue KOHUenyuu aHU30mMponuiHo2o
aHanusa

[IpuBegeM OCHOBHBIC ompe/esicHUs U (PyHJIaMEHTAIbHBIC MOHS-
THS aHU30TPOIHITHOTO aHaIM3a — aHU30TPOITHS CIIYIaifHOTO BEKTOPA,
CpeIHsIsl aHU30TPOIIUS CTALIMOHAPHOMN IProguuecKoil MoCie0BaTeIb-
HOCTH TayCCOBCKHX CIy4YallHBIX BEKTOPOB, aHHU3OTPONHiITHAas HOpMa
JIMHEHHOW NHUCKPETHOM CTallMOHApHOM cucTembl. CHCTeMaTH4eCcKoe
M3IIOKEHUE aHW30TPONUITHOTO aHaiu3a poOacTHOTO KadecTBa, Iep-
BOHAYaJIbHO Pa3pabOTaHHOTO M MpeacTaBieHHOro B [3, 10], MOXHO
Haiitw B [1, 2, 6, 9].
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1.1. AHU3OTPOIIHA CJIVYAHHOI'O BEKTOPA

O6o3naunm yepe3 L5' kmacc R™-3HauHBIX KBaJpaTHYHO WH-
TErPUPYEMBIX CIy4YalHBIX BEKTOPOB, paclpeAeiéHHBIX aOCOIIOTHO
HENPEpHIBHO OTHOCUTEIIEHO 1M-MEPHOH J1e0eTOBOM Mephl mes,,. Jns
moboro Bektopa W € LI’ ¢ mIOTHOCTBIO paclpenesiCHUs BEposiT-
Hoct f: R™ — Ry anusomponus A (W) ompenensercs B [1, 8]
KaK Munumanvroe napopMannonnoe ykionenue Kynroaka—Jleitbnepa
D(f||pm,») pacnpenenenust Bekropa W oT cemeiicTBa rayCCOBCKUX
pacrpeneneHuit p,,  Ha R ¢ HylIeBbIM CPEJHUM U CKaIAPHBIMH KO-
BapHAITMOHHBIMHU MaTputiaMu Al :

(M A@w:ﬂggDummn=ﬂgm(Tn

snech E[| — maremarnueckoe oxunanue, h(W) — nmuddepenimans-
Hasi SHTpOMHUS BekTopa VW OTHOCUTENBHO mes,, (CM., Hanpumep, [7]).
B [1] moka3aHo, uro MuHUMYM B (1) MO0 BceBO3MOXHBIM A > (0 110-
cturaetcs npu A = E[|[W|?]/m.

O603naunM yepe3 G™ (X)) kiaacce R"™-3Ha4HBIX rayCCOBCKUX CITY-
JaitHpix BekTopoB W ¢ HyneBsim cpentum E[W| = 0 u HeBbIpoXKICH-
HOIi KoBapuanuonHoi marpuieil cov(W) = 3. CoorBercTByroOmas
IUIOTHOCTh PacIpeelieH s BEPOSITHOCTH UMEET BUJT

—m _ 1
p(w) = (27r) /Q(det Z) 1/2 exp <—2||ZUH§:_1> ,

rie ||z]lg = v/2TQx — HOpMa BekTopa X, HHAYLIMPOBAHHAS MIOJIOXKH-
TEJIBHO OIPEACIEHHON CUMMETPUYHOM MaTpuliei ().

Jlemma 1 (cm. [1]).

a) Anusomponuss A(W), onpedenénunas nocpeocmeom (1), un-
8APUAHMHA  OMHOCUMENbHO 6pauwjenuil u 2omomemuii W, m.e.
AMNUW) = A(W) oaa moboco N € R\ {0} u moboii opmozo-
nanvrou mampuysr U € R™*™,

0) [nsa 110601 NOAOHCUMETLHO ONPEOeEHHOU Mampuysbl Y €
Rmxm

QWHMWQ—MW»

1 ¥
min {A(W) : W € Lg", EIWW"] = 5} = — Indet %

npuuém munumym docmueaemes auws ha W € G™(X).
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B) s moboco W € L5 evinonnsemcs A(W) > 0, npuuém
A(W) = 0 6 mom u monvko mom cayuae, ecou W € G™(Al,,) ons
nexomopozo A > 0.

B cuny yrBepkmeHus a) 9Toit nemmbl anmzorporus A (W)
MOXET HHTEePIPETUPOBATHCS KaK TEOPETHKO-IHTPOIHMIHAS XapaKTe-
pUCTHKA HEHHBAPUAHTHOCTH PACHPEICNCHHSI CIy4ailHOro BEKTOpa
W OTHOCHTEIBHO TIPYIIbI YHHTAPHBIX MPEOOpa3oBaHMil U XapakKTe-
pusyer co0oil HEM30TPOITHOCTh PACIPEIEICHHUS CITy4aifHOTO BEKTO-
pa no HampasieHuto. [TogoOHas mHTepnperanus Beanuuusl A (W)
MaéT COomepKaTeIbHYI0 (U3MYECKYI0 HHTEPIIPETALHI0 TEOPETHUKO-
HMH(OPMALMOHHBIX KPUTEPUEB, BOSHUKAIOIINX B CTOXaCTHYCCKHUX 3a-
Jlavax ynpaslIeHusL.

1.2. CPEJIHAA AHU30OTPOIINA ITIOCJE/IOBATEJIBHOCTH
Iycte W = {wg}—cock<too — CTALIOHAPHAS OCICIOBATEIb-
HOCTHh BEKTOpOB wj € LI', mHTEpmpeTrHpyemas KakK JUCKPETHBIH
ciydaiiHbli curHan. OObEAMHUM BIIEMEHTHI T0ciIeoBaTeIbHOCTH W,
[PHHA/UISKAIIE BPEMCHHOMY HHTEPBAY [s, t], B CIIy4ailHbIN BEKTOP
Ws
Ws:t =
Wy
Bynem npennonarare, uro Wy. v pactpeseseH abcooTHO Helpe-
peiBHO utst Kaxkmoro N > 0. Onpenenum corimacHo [1] cpeonroro anu-
30mponuro TOCIIeNoBaTeIbHOCTH W Kak CpeaHIO HHTCHCHBHOCTH
AQHU30TPOIMH B EJAUHUILY BPEMCHHU:

2) A(W)= lim AWon—1),
N—+o00 N

Iycts V' = {0k} —oo<k<too — MOCISIOBATENBHOCTh HE3aBHCH-
MBIX CIIy9ailHbIX BekTopoB v € G™(I,,), T.e. m-MepHBIil rayccos-
ckuit Oenbrit mym. [Ipennonoxum, uto W = GV npousonutcs u3 V'
YCTOWYHBBIM (hOPMUPYIOUIHM (HIBTPOM C TEPEAATOUHON (QyHKIUEH
G(z) € Hy*™. Torma crekTpaibHas IUIOTHOCTH W ompenensiercs
BBIpaKEHUEM

3) S(w) = é(w)é*(w), —T<w<T,
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e G (w) = lim,_,1_ G(re™) — rpaHMYHOE KPyroBoe 3HAYEHHUE Tie-
penarounoii pynkunn G(z). B [9] moka3aHo, 4T0 CpemHsisi aHH30TPO-
musi (2) BBIYKCISETCS B TEPMHHAX CIEKTPaNbHOW TUIOTHOCTH (3) |
‘Ho-HOpMEI popMupytomiero ¢punsrpa G 1o popmyne
K
@) A(W) = _1 In det de.
Am G113
—Tr

®DyHKIMOHAT cpefHel aHu3oTponuu (4) Bcerjia HeOTPHULIATEIICH.
OH NpUHUMAET KOHCUHBIC 3HAUCHUS, eclii opmupyroiuii punstp G
MIMeeT MOMHBIN paHT, B IpoTHBHOM ciydae A(G) = +oo (M. [9, 10]).
PaBencTBO K( GG) = 0 BBINOJIHAETCS TOT/IA M TOJIBKO TOT/IA, Kora Gop-
Mupytomuid Guiabtp (G ABNAETCS CUCTEMOM TOJIHOTO MPOITYCKaHHS
(dazoBpammaromieit CHCTEMOI) ¢ TOYHOCTHIO 10 HEHYJIEBOTO TOCTOSH-
HOTO MHOXKHTEINA. B 3TOM citydae criekTpaiibHas IIIOTHOCTS (3) umeer
Bug S(w) = Ay, —7 < w < 7, Wit Hekotoporo A > 0, tak uto W
MIPENCTaBIseT cO00M rayCCOBCKMIT ONbIil MyM ¢ HYJIEBBIM CPETHIM
U CKaJIIPHOM KOBAPUALMOHHON MaTpULIEH.

g BeIaMCceHus cpeaHel aHu30TPOITMH MTOMUMO (OpMYITHI (4),
WCIOJNB3YIONICH (YHKIUIO CIEKTPaIbHON IIOTHOCTH S, MOXHO HC-
mons30Bath Gopmyny Tuma Kommoroposa—Ceré, xoTopas BBIpaykaer
CPEIHIOI aHW30TPONHI0 B TEPMHUHAX BTOPBIX CTOXACTUYECKHX MO-
MEHTOB, T.€. B TEPMUHAX KOBAPHALMOHHBIX MaTpPHII.

[ycte W = GV — craunnonapHas raycCcoOBCKasi MOCIIeI0BaTENb-
HOCTb, co3zanHas Qopmupyroumm ¢unsrpom G € Hy*™. Beenem
MOCTIEeI0BATEILHOCTh MpeAcKa3arenei W = {0k} —cock<too U TO-
CIIEIOBATEIBHOCTD OIIUOOK MPEeICKa3aHust W= {Wk} —so<k<too:
6)) wy, = Elwg[{w;}j<k],  wg = wp — Wy,
rne E[-|-] - ycoBHoe Maremarnueckoe oxunanne. Tak Kak mpu u3Bec-
THBIX {w); } j<k yclaoBHOEe MaTeMatnueckoe oxunanue Ejwy|[{w;}; <]
pPaBHO HYIIIO:

Elwg{w;}j<k] = Elwi[{w;}j<k] — Wpp—1 = 0,

TO HOCJIEIOBATEIBHOCTD { Wy, } ABJISCTCS TOCIICOBATEIbHOCTRIO rayc-
COBCKHX BEKTOPOB C HYJEBBIM MaTeMaTHYCCKUM OKUIaHHEM H, B 00-
LIEM Clly4ae, He €IMHUYHON KOBAPUALIMOHHON MaTpULICH.



Ynpasnenue 6onvuumu cucmemamu. Boinyck XX

Jlemma 2 (cMm. [2, c. 36]). Cpeonss anuzsomponusi (4) nociedo-

samenvnocmu W = GV, ceenepuposannou gurempon G € Hy <™
MAKCUMAIbHO2O paHed, GbIPAdICAeMCcsl 8 MePMUHAX MOMEHMO8 GMo-
poeo nopsioka W u W caedyrowum obpasom:

7 1 mE[wowg]>
6 AW)=—=Indet | ————
© () = — et ("
B CUIIy MAaTPUYIHOI'O TOXACCTBA
~ o~ 1~ ~ —1
E[wowy] = (Elwowg|E™ [@owg])  Elwowg],

CPEIHIOI0 aHU30TPOIHIO (6) MOXKHO MPEACTABUTH B BUIE CyMMBI Bpe-
meHuoi A4 (W) u npocrpanctBeHHON A (W) KOMIOHEHT:

(7 A(W) = Ay(W) + A (W),

e
A(W) = % In det (Buowg] (Blaig]) ™).
— 1 m E[wowg

[pocTpancTBenHas coctapisiomas A (W) cpeaHeil aHU30Tpo-
UK HE 3aBHCHUT OT HMPEJBICTOPUN {w; } <0, COBIAAACT CO 3HAYCHUEM
aHusorporuu A (wg) BEKTOpa wy U XapakTepusyeT coOoil HepaBHO-
MEPHOCTh PaCIpee/ICHUs] CIYYaiiHOrO BEKTOpa MO0 KOMIIOHEHTaM B
CEUEHUH CITyualHOH cTanroHapHoi nmocneaoarensHoct W. Cieny-
eT OTMETHTb, 4TO JUIsl CKAIAPHBIX curHanoB BenuunHa A g (W) Toxk-
JIECTBEHHO PaBHA HYIIO U TPEJICTABISECT HHTEPEC TOIBKO MPH pa3Mep-
HOCTHU BXOJHOTO curHaiga m > 1.

Bpemennas cocrasnsiomas Ay (W) cpeaHelt aHM30TPONUH HH-
BapHaHTHA OTHOCHTEIBHO HEBBIPOXKIIEHHOTO MPEOOpa30BaHUs KOOP-
munar B R™, e. Ay(W) = Ay (TW) nnst mo6oii HeBBIPOKIEHHOM
Marpuiiel T € R™*™_ Brnaromapst BepOATHOCTHOW CTPYKType MOcCIie-
noBatenbHOCTeH (5) Bpemennoit wien Ay (W) comajaer ¢ Komude-
ctBoM uH(popMmaru I o Bekrope wy, yIepKaHHOH B YaCTH UCTOPUHU
{wj}i<o: _

A(G) = T(wo, {w;};<0)
W, CIIEOBATEIBHO, XapaKTepu3yeT co00i “mpencka3yeMOCTh” BXOI-
HOTO CHUTHAJA.

6
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1.3. AHU3OTPOIIMHHAS HOPMA MATPHUIIbI

Ilycts F' € RP*™ — mpousBosibHas (GUKCHPOBAHHAs MaTPHIA.
HHuTrepnperupys €€ Kak JIMHEHHBIM ONEpaTOp CO CIy4YailHbIM BXOIOM
W e LT}, onpenenum cpeTHeKBaApaTHIHbIN K0d(D(OUITHEHT yCHIIeHUS
oreparopa F' cnenyromum odpaszom (cm. [1]):

E|FWV|?

Jst mo6oro ¢ukcuposanHoro W e LY dynkuus Q( -, W) 3a-
naéT MHAYLUpPOBaHHYI HopMy Ha RP*™. Ecnu, IOMUMO KBaJIpaTuy-
HOU MHTErpUpyeMOCTH W, MHOKECTBO BXO/IOB HIYEM HE OTPaHHUYCHO,
to BenmmunHa Q(F, W) MokeT ObITh BBIOpaHA CKOJIb YIOAHO OIHM3KON
K HanOOJIbIIEMy CHHTYISIDHOMY 3HaueHHIO || F'||~ Marpuist F.

JonyctuMm Tenepb, YT0 MHOKECTBO BXOIHBIX BeKTOpoB W orpa-
auuero ycnosuem A (W) < a, tme a > 0 — 3agaHHBIi mapaMerp.
Hanpuwmep, eciiu @ = 0, To B cuily yTBEp)KICHUS B JEMMBI | MHO-
KECTBO BXOJIOB OYJET COCTOSITh TOJBKO M3 TayCCOBCKHX CITyYalHBIX
BekTOpoB Wo—g € (Jy5o G™(Aln) ¢ HyTeBBIM CPETHIM U CKAIAPHEI-
MH KOBapHalOHHBIMU MaTpuiamu Al,,. s moboro Takoro Wo—g
IPSAMBIM BBIYMCIICHUEM ITOYIHM:

1
Q(F7 7 a:O) = HFH27
m

e | F|la = /tr(FTF) — ¢pobennycoBa HopMa MaTpuipl F.

B ciydae npousBoabHOTO ¢ > 0 ONpenenuM a-aHu30mponuiHyio
Hopmy MatpuIlel F' Takum obpasom (cm. [1]):
©  IFl, = sup{Q(E, W) : W € Ly, A(W) < a}.

B [4, 10] moka3aHoO, YTO a-aHU3O0TPOIHITHAS HOpMa JTIO00H (PUK-
cupoBaHHOW Marpuibl F' € RPX™ sprsiercs HeyObiBaromei (HyHKIHU-
ell cpeaHel aHU30TPOITMH G U YIOBJIETBOPSET COOTHOIICHHSIM:

1
(10) ﬁmH 2 =[Fllo < IFIl, < a111+11 I, = 1l

Takum o0OpazoM, Ha- U Hoo-HOPMBI SIBISAIOTCS IPENEIbHBIMU
ClIly4asiMH a-aHU30TPOIMUIHON HOpMBL IIpu @ — 0 U a — 400 co-
OTBETCTBEHHO.
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2. OcHoBHbIe pe3yribmambl

PaccMoTprM 00BEKT, KOTOPBIN OMUCHIBAETCS TMHEHHON TNCKPET-
HOW CTallMOHAPHOM CHUCTEMOH C HEHYJIEBBIMH HadallbHBIMHU YCIIOBHSI-

MHU:
(an Tp+1 = Axy + Buwy, xy # 0,

z =Cux+ Dwy, k=0,1,2, ...,
me A € R B € R, C € RP*", D € RP¥!| A — acummro-
THYECKU YCTOHYMBAsi MaTpUIa (CIIEKTPaIbHBIN paanyc o Marpuinsl A
MenbIne exuHuipl o(A) < 1), 2 € R™ — BekTop cocTosiHus 00beKTa
U I, — CJlyJaliHbIli BEKTOP HEHYJECBBIX HAUaJIbHBIX YCIOBHH, 2, € RP
— ueneBoii BEIXOH, w, € R! — BHemHee ciyuaiiHOe BO3MYILEHHE.
IIycTh BeKTOp HauaJbHBIX YCIOBUI T W BXOAHAS IIOCIEAOBATEIb-
HocTh W = {wi }o<k<too YIOBICTBOPSIOT CIICIYIOLINM YCIOBUSIM:

(12) E [zow]] = Spw = 0,
+o0o

(13) Y E[lwgf’] < oo,
k=0

trS; npui=j,
0 rmpui#j.
Crenyst aHM30TPONMUHON TEOpUHU yIpaBiieHus [2] ompenenum
0000IEHHBIN CpeTHEeKBaAPaTUIHBIA KOd()UIMEHT ycuneHus © s
cucremsl (11) ¢ HEeHYJIEBBIMU Ha4YaIbHBIMHU YCIOBHUSMH U TIPOU3BOITb-
HOW BXOJIHOM IOCIIEIOBATEIBHOCTHIO, KOTOPBIC YIOBICTBOPSIOT YCIIO-
BusMm (12-14):

(14 E [w}wi] =trE [wiwﬂ =trS;; = {

+o0o
2 Eflz?]
k=0

(15) 0= | ~
2 Bllwnl’] + Bl
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3anumiem pemenue cuctemsl (11) npu k£ > 0 B sBHOM Buze (ais
k=0,x,#0u 2z, = Cxy+ Duwy):

k—1
zr = APz, + Z AP B
=0
k—1
2 = CA¥ 2, + C Z A= 1B w, + Dwy .
=0

BeeneM BcromorarelibHOE 0003HAUEHHE IS LEIEBOr0 BHIXOA
2, = 5 + CAFx,, e

k
2y = § Zyiw;,
i=0

CA*~1B mpu0<i<k,
(16) i = D pu @ = k,
0 npu i ¢ [0, k].

Torna |zx|? = 2] 2x MOXKHO NPE/ICTABUTD B BHJIE
‘ 2 _ oT2 OTCAk T Ak,’ TOT g T Ak TcTCAk’
2k|* = Zp 2k + 2 xo + xy (A") Zk + x4 (AY) Zo-

VepeHuM 3T0 ypaBHEHHE ¥ TIPU YCPSAHEHHUH YYTEM, YTO B COOT-
BercTBuu ¢ ycnosueM (12) Ejw Mxo) = tr(MSz,) = 0 npu i # j
Ut mo0o# Matputsl M u, cienoBaTenbHo:

k
Z wl ZL.C A*
=0

E [2,3@4%4 —E

tr <Z,szAkE [xow;.f]) -

M- 1M+

-
Il
o

fr <Z,fiCAkSm,,) =0,

B [41(49)7C"5] =B (ngAkxo)T] — 0.

—
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Torma uucnutens B ompenenenuu (15) mpumer Takoit Bun (Ha-
TIOMHFM, 9TO OTIEPAITUH YCPEIHCHHSI, CYMMHUPOBAHUS U B3SITHS ClIeaa
MaTpUIBl KOMMYTHPYIOT MEXIY cO00i):

+o0 +oo
STE[ml?] = Y E[%
k=0 k=0
+oo

+00
= Y E[|&P]+E |27 | ) _(4")TCTCA |
k=0

+ZE[ (AR TCTO AR, | =

Beckoneunas cyMMa B KpYIJIBIX CKOOKax — 3TO rpaMuaH HaOIro-

naemoctu I’
+oo

(17) r=r"=>) (A"TcrcAF,
k=0
KOTOPBIH SBJISIETCS pelIeHUEM ypaBHeHus JIamyHoBa

A'TTA-T+C"C=0.

Beenem ob6osnauenue Sy, = E[x ]| u 3amumem kBagpar 0606-
ménnoro kodddunrenta ycunenus (15) B Buze

+o0
tr(FSzO)—I— E E[zk
k=0

’]

(18) 0%=

—+00
tr Spg + 32 B [Jwi|?]
k=0

Temepb paccMOTpUM BTOpPOE cilaraeMoe B yuciutene apoou (18)
u nepernmeM |5 |2 = £, B Takom Buze
k

7‘7:()

= E w} Zh Zriw; + E wTZk]Z;mwZ
1,7=0
i
Tak ke Kak U B CJydae Ha4aJIbHBIX YCIOBHI yCPEIHHM IIOCHIE-

Hee paBEHCTBO, HO MPH yCPEIHEHUH BOCIIONIB3yeMcsl yciaoBueM (14),
comtacuo koropomy E[w Mw;| = tr(MS;;) = 0 npu i # j pist mo-
oot Mmatpunbl M. Torma BTOpoe ciaaraemoe B yuciutene (18) mpumer
CJIEAYIOIINIA BUJI:

10
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+o0 +oo k
(19) ZE [[£6]%] = tr <ZZZEZZI<?15’L>
k=0

k=0 i=0
CornacHo ompenenennro (16) Zy; = 0 npu ¢ > k, mosTomy
MOJIOXKHUM BEPXHHUH MPeJesl CyMMUPOBAHHUS 110 ¢ PABHBIM ~+00:

“+oo “+00 +00
STE[|%P] =tr <Z > Z,fizkisi> :
k=0 k=0 i=0

Tax xak psig (19) cxogurcst abCOMOTHO, TO PE3YIABTAT HE 3aBUCUT
OT TIOpsIZIKa CYMMHUPOBAHUS:

+00 +oo /+o0o
SE[a) =t) (Z Z,;Zk,-) S
k=0 k=0

CymMa B KpymDiibix ckoOkax pasua BTI'B + D™D u He 3aBucHT
ot ¢. JlelicTBUTENBHO, TaK KaK Li; = 0 mpu k < ¢, TO HIDKHUHN TIpee
CYMMHUPOBAHHUSI MOKHO TIOJIOKUTH PaBHBIM %:

“+o00 —+00

T T
N ZEZn = Z5 7.
k=0 k=1

Comacto (16) Zyy = D, nostomy

+00 “+oo
N ZEZi =D'D+> ZfZ.
k=0 k=i+1

Bemumewm Z; nipu k > ¢ B SBHOM BHJIE:

—+o0 +oo ‘ '
> ZjZk =D'D+>» BT (AFThTCTCAM B,
k=0 k=i+1

Cnenaem 3ameny k = n + ¢ + 1 ¥ noxy4um:

n=0

+oo +00
> Z}Zy; = DD+ B" (Z(A")TCTCA"> B.
k=0

11
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BeckoHeuyHas cyMMa B KPYyIJIBIX CKOOKax — 3TO TpaMuaH HaOJo-

—+o0

maemoctu ' (17). Beeném obosuadenne S,, = » . Sp u 3amumieM,
k=0

B utore, (19) B TakoM BHE:

“+oo
(20) Y E[|%[°] = tr [(B"T'B+D™D)S.,).
k=0

®dopmanbHBIH BEIBOI COOTHOMICHHS (20) MPOMILTIOCTPUPYEM Ha-
DIAOHBIM TpUMepoM. [ 3TOro BBINHMIIEM B SIBHOM BUJAE HECKOJIBKO
MEPBBIX WIEHOB OeckoHeuHOW cyMMHI (19), mpenBapuTensHO yHOps-
JIOYMB CJIaraeMble JUIsl KaKI0TO Zj: CHadyala ciaraeMoe, mporopuuo-
HanmbHOEe DTD, a 3areM ocTajibHBIC cllaraeMbie B MOPSIKE YObIBAaHHUS
crernieHu MaTpuibl A. B crity rpoMo3IKOCTH BBIpaKeHUI CHaYasa BbI-
MTUIIIEM [IEPBOE U BTOPOE ciaraemele, 3aTeM — TPeThe M YeTBEPTOE:

E“,%O‘Q]LQ = tI‘(DTDSQ)
E[|4)?12 = tr(D*™DS)) + tr[BTCTCBSy)
E[|§2|2]1’2 = tI‘(DTDSQ) + tI"[BTATCTCABSO]
E[|%)212 = tr(D™DSs) + tr[BT(A2)TCTCA2BS]
E[|4?h, = t(DTDS)) + tr[BT(A3)TCTCA3BS,]
E[‘§2’2]374 = tI‘[BTCTCBSl]
E[|§3|2]374 = tr[BTATC'TCABSﬂ + tI‘[BTCTCBSQ]

E[24%54 = t[BY(A2)TCTCA2BS)] + tr[BTATCTCABS,)]

Tak xax psg (19) cxogurces abCcoMOTHO, TO PE3YNIBTaT HE 3aBHCHT
OT TOPSZKA CYMMHUPOBAHUS, IOATOMY OT CYMMHPOBAHHUS MO CTPOKAM
repeineM K CyMMHPOBAHHIO IO CTOJIOIAM H TTOCJIE OYEBUIHBIX TIpe-
obpazoBanwuii moryaum (20).

W, makowern, 3amumieM KBaapar 0000MIEHHOTO KO3 GHUITIEHTa
ycunenus (18) B cnenyromem Buze:

tr (I'Syy) + tr [(BTI'B+D™D)S,] _ tr(AS)

2 _
@D 07 = tr Sy + tr Sy, otrS

12
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3geck A and S — kBajpaTHbIC OJIOYHO-TUMATOHAIBHBIC MAaTPHILIBI Pa3-
MepoM m =n + [

A (T 0
~\ 0 BTB+D™ )

[ Sy O
s=(% &)

B cooTrBeTcTBHM ¢ aHM3OTPONMHHOW TeopHel ympaBieHHs [2]
ornpenenuM OO0OOMEHHBIN aHU30TPONUHHBI KOA(PQPUIIMESHT yCHIIe-
Hust O, cucremsl (11)—(14) kak MakCEMYM KOA(QPHUIIUEHTA YCHUICHHS
[0 BCEM BXOJaM, CPEAHsIs aHH30TpoItus A (.S) KOTOPBIX HE IpeBbIIIa-
T 3aJlaHHOI0 3HAUCHUA a:

(22) 932 max ©2 = max tr(AS).
A(S)<a A(S)<a trS

Teopema 1. /Jus mo602o a > 0 anuzomponuiinvii 0600w énHbLI
Koa¢hhuyuenm ycunenus (22) evruucisiemcs no gopmyne

>

(23) 62 — =1 1- q)\l
a m 1 ’
z; 1 —q\i

20e \; — cobcmeenHvle 3HAYEHUs HeOMPUYAMENbHO ONPederéHHOU
mampuywvt A u g = A_l( ) (26) — eduncmeennoe peuierue ypagHeHus
m(Ly —qA)~!

jnde e —ah T

I[oxaaaTeﬂLCTBO.

[Tepenumiem omnpenenenue (22) B SKBUBAJICHTHOM BUJIE:

(24) @2—max{tr(AS) —flndet(mS) a, trS—l}

ByneM nckaTb MakCUMyM 3TOTO BBIPaKEHHMS METOAOM HEOIpese-
n€HHBIX MHOXUTener Jlarpamka. @ynkuusa Jlarpamxka Oymer umersb
BHJ

L[S] = tr(AS) + \1 (a + ;lndet(m5)> + X (1 —trS),

13
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rme Ay = 0, Ay > 0 — muoxwurenu Jlarpanxka. Pemenue 3amgaum
HaXOXKIEHUS OSKCTPEMyMa CBOAWTCS K PENIEHHIO YpaBHEHHS Ha
npousBoanyt ®dpemre dL[S] = 0:

A
dL[S] = tr(AdS)+ ?1 tr(S~1dS) — Mg tr(dS) =
= tr [(A + %5—1 — A21m> ds} =0.
CrnenoBarenbHO,
S =0y, —qA),
meo =L S 0mg= L >0
DS 1=,

CormacHo MoOCeHEMY YPaBHEHHIO MaTpulia S sBisieTcs QyHK-
et marpuibl A. CiaegoBaTenbHO, TH MaTPULbl KOMMYTHPYIOT MEX-
Iy co0O0iA:

AS —SA=0.

Kpome Toro, oHM CHMMETPHYHBI © HEOTPHULATEIILHO ONPEICIICHBL:
rpamuan Habmogaemocti I' = I'" — o onpenenenwio (17), Marpuma
B'I'B + DD — 1o nmocTpoeHHIo, a MaTpuIbl Sy, u Sy, ABIAIOTCS
TaKOBBIMH TI0 OIPEACICHUIO:

SE0 N\ ([ Sp O
o st )=\ o0 S, )
T 0 (T 0
0 (B'I'B+D™)* )~ \ 0 B'I'B+D™D )°

Creq0BaTeNbHO, CyIIECTBYeT yHUTapHas marpuma U* = U1,
KOTOpasi OIHOBPEMEHHO MPHUBOIUT MaTpuilbl A U S K JHaroHaIbHOMY
BUAy [5], cneaoBarenbHO, COOCTBEHHBIC YUChIa \; U s; Matpull A u S
OyIyT CBA3aHBI COOTHOIICHHUEM

_ g
N l—q)\i

Si

Bribupast Tem i uHBIM 00pazom Marpuiy U, MOXKHO Tak WIN
WHa4Ye YMOPSIOYHTh COOCTBEHHBIE 3HaueHHs A; Marpuubsl A. Jlns
14
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omnpene’aéHHOCTH BblOepeM Marpuuy U TakuM 00pa3om, YTOOBI cOO-
CTBEHHBIE 3HA4YCHUS \; OBIIN YIOPSAAOYEHBI IO yOBIBAHUIO:

)\maX:)\l>A2>--->Am—l>)\m:)\min-

Toraa u coOCTBEHHbBIE 3HAUCHUS S; KOPPESIIIMOHHON MaTPHIIBI S
OyAyT yNOPSO4YEHbI aHAJIOTMYHBIM 00pa3oM:

Smax = 81 2 82 2 ... 2 S;m—1 2 Sm = Smin-

[yt Toro uto0bl COOCTBEHHBIC YUCIIA S; MATPHUIILI S OBLIH MOJIO-
KUTETHHBIMH, HEOOXOIUMO, YTOOBI MOJIOKUTEIBHBIN TTapaMeTp ¢ ObLT
OTpaHUYCH:

0< g < A (A).

max (

Jitst HaXOXKICHMS MTOTIOKUTEBHOTO MapamMeTpa o BOCIOIb3YeMCs
ycnoBueM tr.S = 1:

trS =otr[(Im— qA)*l} =

CremoBaTeNnbHO,
1

tr (I — qA)~]

Taxum 00pazoM, KOppensSIHoHHas MaTpHIa, Ha KOTOPOH Ko3(-

¢unyent ycunenus (24) gocTuraeT MakCMMyMa, paBHa
-1

es) Sta) = I

r[(Zm —qA) ]

[MepemenHas q € [0 )\méx(A)) napameTpu3yeT UCKOMOe MHO-
xectBo Marpull S(q). Mcnonb3ys noiydeHHoe BbipaxkeHue (25), 3a-
nuiIeM Kak QyHKIuio ¢ anu3orporuio A(g) u 0600IEHHbIH aHI30-
TponuitHbIi Kosdduuuent yeunenus 02 (q):

g =

1 m(L, —qA)~"
(26) Alq) = —3 In det - qA)*l] )

tr [A(Ly, — gA) ™! =R q)\
tr[(Im — gA)Y] 3

=1 1- q)‘

(27) 0%(q) =

15
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Oynximn A(q) n ©%(g) ABAAIOTCS OHO3HAYHBIME U HEyObI-
BaOIUMU TI0 ¢ [2], MO3TOMY OOOOIMEHHBIM aHU3OTPOTIMIHHBIN KO-
GuureHT ycuneHus Kak (YHKIMIO ¢ MOXHO 3alucarh B BHIE
Q? = Q*(A(a)), tne A~! - pynkims, obparnas A:

m )\z
>

1 —q)\;
02 = 0% (A (a)) = = mpn g Alg) = a.
z; 1 _q)\i

|

B kauecTBe mpuMepa BHIYHUCIUM 000OIIEHHBIC aHU30TPONHUITHEIC
ko3¢ puumentsl ycuieHus Og npu a = 0 U Oy mpu a — +00.
CornacHo ypaBHeHHIO (26) a = 0 Toraa M TONBKO Tor/a, Korma g = 0.

CrnenoBarennHO,
9 trA  trI'+tr(B"I'B+ D™D)
@ P— pr— .
m m
-1
max ?

02 = Amax(A) = max (Amax(I'), Amax(B*I'B + D'D)).

AHuzoTpOnusA a — 400 mpu ¢ — A MO3TOMY

Criemyer oTMeTuTh, uto Marpuisl I' u B ['B + D™D sBnstotcs
YHCIIOBBIMH MaTpPUIIAMH, TI03TOMY BEIYHCIECHHE Op U O, CBOTUTCS K
CTaHAAPTHBIM OIEpaIUsAM JHHEHHON anreOpsbl.

3. YucneHHbili npumep

PaccmoTpuM uncnennyo peanuzaiuio cuctemst (11):

0,23596 —0,85556 —0,68156
A = | —0,77842 0,00756 —0,26014 |,
1,09960 —0,93759 —0,22880

—0,52481  1,8551
1,12830 —0,2773 |,
0,55014 1,06661

o _ ( 209920  0,37147 0,60535
B 0,63848 —0,37418 0,87763 )’

1,03360  0,60107 )

D=1 0.41979 —0, 67402

16
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Puc. 1. Obobwénnvlii anuzomponuiinvlii Koaguyuenm ycuneHus.

Ha Puc.1 npuBeneHsl pe3yasTaThl BBIYUCIEHUS 000OIMIEHHOTO
AHU30TPONHUIHOTO KO3 duImeHTa ycuienus O, kak QyHKIUU aHU-
30TPOIHH Q.

4. 3aknro4yeHue

B pabore mMeromamu aHW30TPOMMHHOIO aHANW3a HCCICAYIOTCS
JMHEWHBIC JUCKPETHBIC CTAlIMOHAPHBIC CHCTEMbI C HCHYJICBBIMU Ha-
YalbHBIMU YCIIOBHSAMH. B COOTBETCTBHM C OCHOBHBIMH MOCTYJIATAMU
AHU30TPOIHUIHON TEOPUU B KaY€CTBE KPUTEPUS KAaueCTBa UCIIOJNIb3Y-
eTcsl 00OOMIEHHBIN aHU30TPONUHHBIA KOA(POHUIIUEHT yCHICHUS, KO-
TOPBIN OMNpENeNseTcss Kak MakCUMyM OOOOIIEHHOTO CpelHEKBajIpa-
THYHOTO KO((HUIIMEHTA YCUIICHUS CHUCTEMBI ¢ HEHYJICBBIMU Havajlb-
HBIMHU YCJIIOBHSMH M CIyYailHBIM BXOIOM, aHH30TPOTHS KOTOPBIX HE
MPEBBIIIACT 33JaAHHOTO HEOTPHUIATEIIBHOTO 3HAYCHHS . BhIuuCicHHe
0000MIEHHOTO aHU30TPOMHUUHOTO KOA(D(DUIMEHTa YCUIEHUS CBOIUT-
Csl K CTaHIApTHOH MpoIeype TMHEHHON aareOps! (HaxoxXIeHne coo-

17
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CTBEHHBIX 3HaUE€HUI MaTpUILIbl) U PEIIEHUIO TOJIMHOMHAIBHOIO YpaB-
HEHUSI OTHOCUTEJIBHO CKAJSIPHOTO IapaMmeTpa q.
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ANISOTROPY-BASED ANALYSIS FOR CASE OF
NONZERO INITIAL CONDITIONS

Victor Boichenko, Institute of Control Sciences of RAS, Moscow,
(victor@ipu.ru).

Abstract: Usually in the context of the anisotropy-based robust
performance analysis stochastic systems with zero initial condition
are investigated. In this paper we extend this analysis and consider
a linear discrete time invariant system under random disturbances
and with the nonzero initial condition. In accordance with the basic
postulates of the anisotropy-based control theory the disturbance
attenuation capabilities of system are quantified by the anisotropic
generalized gain which is defined as the largest root mean square gain
of the system with respect to a random input and the nonzero initial
condition, anisotropy of which is bounded by a given nonnegative
parameter q.

Keywords: Anisotropy-based control theory, anisotropic norm, -
norm, Ho-norm.
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