Cucmemnuolil ananus

OOHA CUCTEMA MACCOBOI'O OBCITYXXUBAHUA U
UUCINA PUBOHAYYN!

Cobosies B.H.?
(Mocksa)

Paccmampusaemcs 00HOMURENHAA CUCTNEMA MACCOB020 OOCILYHCUBAHUSL C 2PYNNOBBIM
nocmynnenuem mpebo6anuil, 6 KOMopo MOMEHMbL ROCHYNIIEHUs. 2DYIN MPeGO8AHUL
00pasyom nyaccoHo6cKuil NOMoK, ONUMENbHOCIU OOCIYHCUBAHUSA UMEIOM NOKA3A-
menbHoe pacnpeoeiierue, YUCIO 30A60K @ 2pynne OZPAHUYEHO, d YUCIO Mecm Ols
odicudanus He oepanuieno. B npuxoosweti epynne mosicem Obimb moibko 0OHO UMY
06a mpebosanus. [[na OaHHOU CUCEMbl MACCO8020 OOCIYHCUBAHUS HAUOEHO All-
2ebpauueckoe npedcmagienue 0N CIMAYUOHAPHBIX BEPOAMHOCMEN YUCIA 3AA60K 6
cucmeme. JJannoe pacnpedeienue eposmHOCHEN 6bINUCLIBACCS Yepe3 MHO20Ye-
Hbl N000OHbIe MHO20UNeHam Pubonayuu. Yacmubim ciyyaem B03HUKAIOWE20 pac-
npedenenus seiaemcsa ceomempuyieckoe pacnpeoenenue. Ceia3b paccmampusaemvix
MHo204nen08 ¢ yuciamu Pubonauyu no36onsem npu OnPeoenéHHbIX YCaousx Ha na-
pamempul ucciedyemMoll cucmemvl pacnpeoeneHue, blnuUcantoe yepe3 060ouénnvie
MHO20UJIeHbL, NPeOCmasums 6 gude pacnpedenenus, cooepoicawe2o uucia Pudonay-
yu. C nomowyvio ghopmyn bune 0151 OanHbIX MHO2OUIEHO8 NOKAZBIBACMCSA, YO 6 HEKO-
MOPLIX CAYUAAX HATIOEHHOe pacnpedelenue A6NAemcs ACUMNMOMUYECKU 2eoMempu-
ueckum. Ilpu smom noepewnocms yovieaem dKCnoHeHYuaIbHo 6vicmpo. Onupasice
Ha pacnpedeneHue geposimuocmetl, cooepicaujee yucia Pubonauuu, 8 pabome npeo-
CMABNEH dNeMEeHMAPHbIIL 8EPOSMHOCMHbIL 661600 NPOU3B0OsUfell QyHKYUU 0N Yu-
cen Qubonauyu. [{okazamenbcmseo 00H020 KOMOUHAMOPHO20 MOHKCOECMEA NO3605eNt
noayuume npeocmasnenue yucen Pubonauuu yepes 0BOUHYIO CYMMY OUHOMUATLHBIX
K03 huyuenmos, a makoce noxkazvigaem emopol Cnocod HAXOHCOeHUs UCKOMbBIX Ge-
posimuocmetl. M3 0annozo mosicoecmea nymem usmeHeHus. NOPAOKA CyMMUPOBAHUS
ona yucen Qubonauuu nonyuaomces uau npeocmasnenue Kamanana unu gpopmyna

Jlykaca.

KitroueBble ciioBa: CHCTEMa MacCOBOTO OOCIY)KUBAaHHS, IPYNIIOBOE HOCTYII-
JIEHWE, CTAl[IOHAPHOE paclpe/ieieHUe, POU3BOsIIas (GyHKIHS BEPOSTHO-
creit, ynciaa OuboHayun, OMHOMHUABEHBIE KO3()(UIIEHTH, CYMMBI OMHOMH-

! demop nonvsyemcs cayuaem u 6razodapum B.B. Koznosa 3a nocmosnnoe 6Hu-
MaHue K e2o pabome, n1000MBOPHOE 00CYHCOeHUE U PEOAKYUOHHbIE 3AMEYAHUSL.

2 Bumanuii  Huxonaesuu Cobones, K.Qh.-M.H., C80000HbILI  UCCe008amend
(sobolev_vn@mail.ru).
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ANBHBIX KO03()(HUIMEHTOB, MOCIeaoBaTebHOCTE OrboHaYun, 0000IICHHBIC
MHoTowieHbl ®ubonauyun, 0600mEHHBIe yncia Pudonauyn, popmyna bune,
mpousBosmas GyHKIUs, Ipou3BoAsmas GyHKIusS yncen OuboHaydn, reo-
METPHUYECKOE pacrpe/ciicHue.

1. BeedeHue

JlanHass paboTa TECHO CBs3aHA CO CTaThEl [S] M B HEKOTOPOM
CMBICIIE SIBIISIETCS €€ IPOIOJDKEHHEM.

PaccMoTpuM cucTeMy MaccoBoro obciyxkusanus M| M,,[1|co.
B nmamHO# crmcTeMe MOMEHTHI TMOCTYIDICHHs TpeboBaHuit 0 < t; <
ty < ... < tp < ... 00pa3yIOT MMyacCCOHOBCKUI MOTOK C MHTCHCHUBHO-
CTBhIO A. B Ka)mpIif MOMEHT ¢,, OoCTymaeT Tpynmna u3 v, TpeOoBaHHii,
[IpUYeM CllydaliHble BEJIMYHMHBI Uy, HE3aBUCHUMBI, OJMHAKOBO pacIpe-
JIeTIeHbl, U MPUHUMAIOT 3HAYeHUs 1 WM 2 ¢ BEpPOSTHOCTAMH «v; U
ag. CpenHee 4ncio 3asBOK B Ipymme v. B cucreme mmeercst oouH
o0cyXuBaroIuii pudop, BpeMsi 00CITyKHBaHHUS KOTOPOTO pacipe-
JIeJICHO II0 IOKa3aTeJIbHOMY 3aKOHY C mapameTrpoM . Yucio mect
IUISL OKUJAHUST HEOTPAHUUEHHO.

[ycte &(t) — umcno TpeOOBaHWI HAXOMSIIMXCS B CHCTEME
M3|M,|1|oo B MomenT Bpemenu t. B [6, c. 171-175] nns Gonee
IMpoKoro kiacca cucrem Buna GI|M,,|1|oo Gbina HaiineHa npous-
BOzIIast (DYHKIMS CTAIIMOHAPHOTO pachpeseseHns npouecca &(t)

[e.9]
— I () — k
P(z) tlggoMz kz_opkz .

B naunoii paGore B pamkax cucremnl M3|M,|1|co Haiineno
(myHkT 3.1.) anreOpanueckoe MpeacTaBlIeHE s CTAlIMOHAPHBIX Be-
positHocTeit nporiecca &(t). Tak st KICKOMBIX BEPOSITHOCTEH Dy, 110~
Ka3bIBaeTCs MX IPEICTAaBICHUE

e}
pr = (1= pov) p Sk <p§> ;
yepes MHOTOUJIeHH! [3, ¢.294]
Lk/2)
Sy (z) = Z Cl_i#,
§=0
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e CY i OvHOMMaJbHBIE KOY(POHULUUEHTH U Py = % .
Jlanee mokasbIBaeTCsl, YTO TEOMETPHUECKOE PACIIpEaeIeHHe SB-
JSIETCS. YaCTHBIM CIIy4aeM JTAaHHOTO pacIpeesIeHHs.

B mynkTe 3.2. Oyner mokazaHo, 9TO MPU YCIOBUU

V5 —1

=po <
a2 = po 5

pacrpeneiieHue MCKOMBIX BEPOATHOCTEH BBIpaXKaeTCs 4epe3 4Yucia
dudonayyu:

pr = (1 — pov) phug,

e ukyr; = Sk (1) — Takoe obo3HaueHue umcen DUOOHATYIH, UTO
ug =0, up = ug = 1.
[IpencraBnenne uncen Oudonauyu [3, ¢.365]

A _1++5
w=|Trg) o=T57

TIO3BOJIACT 3aIMcaTrb BEPOATHOCTH P, B CICAYIOIIEM BUIC

i ¢k+1
=(1—-pov —+ .
B mynkTe 3.3. mokaspIBaeTCs, YTO NaHHBIC BEPOSTHOCTH Py, ONM3KHU K
TEOMETPUUECKOMY PaCIpPEACIICHUIO!

pr & <1_\/§0V¢) (po®)* .

Janee B 3TOM e IyHKTE JOKAa3bIBAaeTCs, YTO M B OOIIEM ciiydae
NP HEKOTOPBIX YCIOBUSX HA (xp M pg paccMaTpuBaeMoe pacrpere-
JIeHHe NpUOIIDKaeTcsl TeoMeTpudeckuM pacnpeneneHueM. Ilpu atom
MOTPEITHOCTE C POCTOM & yOBIBAaeT SKCIIOHEHIMATIBHO OBICTPO.

B nynkte 4.3. moka3zaHo, 4TO BBIPaKEHUE BEPOSITHOCTEH yepe3
yrcina PuOoHaY4M NPUBOAUT K MPOCTOMY BEPOSITHOCTHOMY BBIBOLY
npousBoAmel GyHkuny uncen OuOoHATIH.
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B pa6ote (cM. myHkTsl 4.1. u 4.2.) npeanaraercsi IpocToe J0Ka-
3aTeIbCTBO CIEAYIOIIEro NpeacTaBieHus il uncen Oubonaqdn

[k/2]1k/2] '
u =y Y 29ROt
J=0 l=j
U3 KOTOPOTO MPH PA3HBIX MOPSIKAX CyMMUPOBAHHS MOTYYalOTCS UK
npencrapnenne Karamnana (Eugéne Charles Catalan, 1857) [15, c.68]

Lk/2]
upgr =277y 5lCRH
§=0

umn dopmymna Jlykaca (Edouard Anatole Lucas, 1876) [11, ¢.208]

w2
U1 = Z Cl_j
=0

e |z] =max{n €Z: n< x}.
2. MpedeapumernbHble ceedeHuUs1 U 0603Ha4YeHUs1

2.1. OIIMCAHHUE CUCTEMBI MACCOBOI'O OBCIIY>KHBAHUA

Ilo onpenenenuto cucrembl M3|M,,|1|oo anmHBI MHTEPBAIOB
Xy =ty —tp—1, KOTOPBIE MIPEACTABISIIOT COOO BPeMs MEXK/y TIPHXO-
JaMH JIBYX COCEIHMX IPYIIT TpeOOBaHMi, HE3aBUCUMBI U OJMHAKOBO
pacrpeneneHsl ¢ GpyHKUMEH pacnpeneneHus

F(z)=P{X,<tl=1—e"",

[Ipu aToM cpenmHee BpeMs 1’ MeXAy MOCTYIUICHUSIMH TPYII 3asSBOK B
CUCTEMY PaBHO

o oo 1
(1) T .= / zdF(x) = / Aze Mdr = <.
0 0 A

B xaxapIit MOMEHT BpeMeHH t,, OCTyMaeT IPpyIa u3 v, Tpedo-
BaHUU, IPUYEM BEIMUYUHBI ¥, HE3aBUCUMBI U OIMHAKOBO paclpeaee-
Hbl. TaKke BEIMYMHBI V,, OTPAHUYCHBI U UX MPOU3BOASAIINE QYHKIHH
paBHBI

— Vn _ 2
() a(z) = Mz2" = a1z + agz”,
4
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e

ar =P{v, =k}, k=1,2.
C 1OMOIIBIO TIPOU3BOASAIIEH QYHKIHMHU (v 2) JIETKO HAXOIUTCS CPEIHEE
YHCIIO 3a9BOK B IPYIIIE

V::Myn:o/(z)‘ =a1+209 =1+ ay.

z=1

Ilycte crmyuaitnas BennumHA Y, 0003Ha4aeT BpeMsi 0OCTyKHUBa-
HUA (JUTHHY) N-0# 3asABKH. Benmuuns! Y,, HE3aBHCHMEBI APYT OT Apyra
u oT BenuuuH X,,. [o ycrmoBuio 3a1aun BEIUYUHBI Y,, UMEIOT OJTWHA-
KOBOE pacripe/iesieHle ¢ QyHKIUeH pactpeaeneHus

Gt)=1—e .

B atoMm cirydae cpenHee BpeMsi 0OCTY)KUBaHUS T JIOOOW 3asABKH KO-
HEYHO M PaBHO

& 1
T:=MY, = / zdG(x) = —.
0 H
Onpenenum Harpysky (3arpy3Ky) CHCTEMbI Kak p = vpg, TAe

po = A/

B cratwe [6, ¢.171-175] (cm. Takxke [13, ¢.97-108] u [5]) Hatige-
Ha MPOM3BOISMIAs (GYHKIHS Ul CTAI[HOHAPHBIX BEPOSTHOCTEH CITy-
gaitHoro mpouecca £(t) cucremsl GIV|M,|1]occ. Tak B [6] nokazaHo
ClleIyrolee YTBEepIKICHHE.

Teopema 1. Ecnu 6 cucmeme GIV|M,,|1|oco binonneno ycrosue
p < 1, mo cmayuonapnoe pacnpedenenue ciyuaiinozo npoyecca &(t)
cywecmgyem u 3a0aemcsi npouzeoosueli yHKyue
3) P() = (IT=XA)(1=X2)...(1=Ap)

(1—=X2)(1—Xo2) o (1 = Ap2)

20e YUCa Ai,..., \m AGIAIOMCA KOPHAMU YPAGHeHUs: (CUUmas Kaxcoblli
KOpeHb CIONbKO pa3, KAK08a €20 KpamHocnb)

1
4) a(g)@(u—m)zl,
npunaonexcawumu obnacmu |z| < 1. B ypasuenuu (4) ¢ynxyus p(z)

ecmb npeobpaszosanue Jlanraca-Cmunomeeca @ynkyuu pacnpeoeie-
nus F(x)

o(z) = / e **dF(z), z > 0.
0
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2.2. OF OBOBIEHHBIX MHOIOYJIEHAX ®UEOHAYYU
[TockombKy anrebpandeckoe MPeICTaBICHHE HCKOMBIX CTallHo-
HapHBIX BeposTHOCTEH py, B cucteme Mz|M),|1|oo 3anmchiBaeTcs ©
TTOMOIIBI0 MHOTOWICHOB [3, ¢.294]
[k/2)
) Sk(z) =) G2,
=0

TO yACIMM UM HEKOTOpPOE BHHMAaHHE.
JlaHHBIE MHOTOWICHEI YIOBIECTBOPSIOT [3, ¢.295] ciemyromemy
PEKYPPEHTHOMY COOTHOIICHHIO

Skt2 (2) = Skt1 (2) + 28 (2)

npu HadanbHOM ycnoBuu Sp (z) = Si(z) = 1. DTu pexypeHTHbIE
YPaBHEHHSI MO’KHO COOTHECTH C YPAaBHCHHSAMH IS MHOTOWICHOB -
Oonayum [10, c.218 ]

Fiio (2) = 2Fp41 (2) + F (2)

e Fy(z) =0, Fi (z) = 1. Ilpu noacraHoBke z = 1 B MHOTOYJICHBI
Sk (z) 1 Fy, (z) B 000HX Cllydasx HOTy4aeTCs JIMHEHHOE OJHOPOIHOE
PeKyppEeHTHOE ypaBHEHHE ULl OCIea0BaTenbHOCTH PrboHadH.

YacTo raHHBIC MHOTOYICHBI PACCMATPHBAIOTCS KAK YaCTHBIC CITy-
4au 00001IEHHBIX MHOrowIeHOB ®HOOHAYYN OT JBYX MEPEMEHHBIX,
KOTOPBIE YIOBJIETBOPSIOT BO3BPATHOMY YPaBHEHHIO

Fk+2 (Z, t) = tFk+1 (Z,t) + ZFk (Z,t)

C HavaJbHBIMU ycloBusMu Fy (2,t) = 0, Fy (2,t) = 1.

C npyroii CTOPOHBI OTMETHM, YTO MHOTOWICHBI Si (z) MpH Ha-
YaJIbHBIX 3Ha4eHUsX Sy (2) = a, S1(z) = b omnmcansl Can (Yidong
Sun) B pabote [14], mpu 3TOM aBTOp Ha3bIBaET TAKUE MHOTOUICHBI
0000EHHBIMUA MHOTOWIeHAMH PUOOHAYYH.

B paborax [9], [10] u3zyuaercs mocienoBaTeIbHOCTh MHOTOUJIC-
HOB W), (2) 3a1aBaeMbIX PEKYPEHTHBIMH COOTHOIICHUSMHU

Witz (2) = p (2) Wit (2) + ¢ (2) Wi (2).-
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Tam e ykazaHo, uto nonuHoMbl Pubonavyun Fj, (z) npuHamie-
)Kar K gaHHoMy kiaccy. [lomuHOMBI Sk (2) OYEBHIHO MOAXOIST MOL
ONMCaHKe JAHHOTO KJacca, HO B paboTe HE yKa3aHBbl, XOTS U OJIU3KHU B
anreOpanyeckoM IUIaHe (HO He B IUIaHE MOCIEN0BATEIbHOCTEH ucen
MU TIOPOXKIAEMBIX) K MHOTOWIeHaM SkoOctans (cm. [10, c. 218], [7,
c.113]) 3agaBaembIx ycioBueM p (z) = 1, ¢ (z) = 2z npu HavaIbHBIX
yenousix Wy (2) =0, Wy (2) = 1.

Jltst muorowtenoB ®dubonauun Fj; (z) Ha3BaHHE YCTOSIOCH, B
TO BpeMsI KaK JUIi MHOTOWICHOB Si (z) HEeT: B Pa3HBIX pabOTax OHU
Has3bIBAIOTCA MO Pa3HOMY HJIM BOBCE HHKAK HE HA3bIBAIOTCAL.

B nanbreiimem 1yist MHOTOWIEHOB Sy, (2) moHamoburcs Gpopmysia
Bune (Jacques Philippe Marie Binet) [3, ¢.368], koTopyto opopmum B
BUJIE CJIENYIOLIEH JIEMMBI.

Jdemma 1. [{na mnozcounenos Sy (z) cnpaseonuso npedcmagie-
Hue bune

k+1 k4
_ o =yt

(6) Sk (2) = Wa
20e
(7)
¢1:¢1(2):1+7 V1+4e (252:(752(2):1_7 V1+42.

2 Y
Kkopnu ypasnenusa t* —t — z =0 (cm. [8]).

2

Hoxa3zareabcTBo. [lpu k£ > 0 B [3, ¢.257] mokazaHO paBEHCTBO

(8) o (21: k+1
= \/1142 ((1+\/21+W) _ (17@) >

B cuty onpenenenus QyHKUUHA ¢ U ¢2, @ TaK K€ CIPABEATHBO-
CTH PaBEHCTBA ¢1 — ¢ = +/1 + 4z BumHO, uTO (8) coBmagaer c (6).
Ha sToM j1emMMa Jjoka3aHa MoJHOCTBIO.

3. CmayuoHapHbie eepossmHocmu cucmemsbl M3 | M, |1|oo

3.1. OBIIJAA ®OPMYVYIJIA JIJIA CTAIIMOHAPHBIX
BEPOSITHOCTEH CUCTEMBI M2|M,|1|oc
B cucreme M$|M,|1|co cormacho dopmyne (3) n3 Teopemst 1.
npou3Bossiuas (pyHKIUS CTAMOHAPHOIO pacHpeleleHns mpolecca
7
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&(t) Mmoxer OBITH 3amMCaHa B BUIC

(1-=A) (A —=2A9)
(1 — )\12) (1 — )\22) ’

P(z) =

e 4uciaa A\, A2 SIBISIIOTCS KOPHAMHU ypaBHeHus (4) mpu |z| < 1,
cymTasi K&l KOPEHb CTOJIBKO Pa3, KAKOBa €ro KPaTHOCTb.
OkasbIBaercs, 4To A cucreMbl M f\M 11| 1|00 KopHH A1, Ao jer-
KO BBIPQKAIOTCS 4epe3 (g U pg = A/t
Jemma 2. 'V cucmemvr M3|M,|1|oo npu p < 1 xopru A1, Ao
ypasnenus (4) moeym Ovime Halldenvl no gopmynam
©) Aizp;qﬁi(;‘j),z‘:m,
20e gynkyuu ¢1 (2), ¢2 (2) onpeoensitomes pasencmeom (7).
HoxazarenbcTBo. Kax xopomo ussectHo [1, ¢.94], B ciayuae
F(z) = 1 — e ** mpeo6paszopanue Jlamnaca—CTuiasTheca QyHKIUI
pactipenenenust F'(z) mpUHUMAET CIIeIyIOIINA BHL:

A
24+ N

o(z) = /\/ e GHNT gy —
0
Ortkyna
A Po

p—pz+tA ldp—z
IMosTomy ypasHenue (4) ws kopHel A1, Ao cuctembr M2 M, |1[oo

IIPUHUMACT BU
1 1 0
(Oélz + 04222) 71 — §—|—p0 = ].,

a TocIie ANIeMEeHTapHbBIX Tpeo0pa3oBaHui

plp—pz) =

po(z(1—2)+as(l1—2)=22(1—2).

CoxkpariieHre B MOCICIHEM YpaBHEHHH Ha MHOXHUTenb (1 — z) npu-
BOJIUT K KBaJpaTHOMY YPaBHEHHUIO

2* = poz — poorz = 0
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C KOpHSIMH

4
M’Q:m(li /Haz):ﬂo 1,2<O‘2> ,
2 Po 2 Po

Takum oOpazom, JeMMa JToKa3aHa.

3ameuanue 1. U3 (9) 6uono, umo xopHu A1 u A coenadarom
monvko 6 cayuae oy = 0. IIpu smom paccmampueaemas cucmema
M3|M,,| 1|00 npespawaemca 6 obviunyio cucmemy My|M,,|1|oc.

Jnst GopMyIHpOBKH CIEAyIOmeld JeMMbl OTMETHM, YTO IIpH
ap # (0 KOPHU UCCIIEyEMOT0 yPaBHEHHUS Pa3IMYHBI U IIPOTUBOIIONOXK-
HBI 10 3HAKY, a TAK)KE OTPULIATEIIbHBII KOPEHb 10 MOIYJII0 MEHbIIE
HOJIOKHUTEIBHOTO, T.. [Aa| < Aj.

Jdemma 3. 'V cucmemvr M3 | M, |1|oo npu p < 1 cmayuonapneie
geposimuocmu cayuaino2o npoyecca &(t) mozym 6vime HatideHvl no

dopmynam
)‘]lH—l _ )\éﬂ-‘rl
10 = (1— 1 72
(10) pr = (1= pov) YDV
20e A1 u Ay onpeoensiromes pagencmeom (9) uz remmor (2).

JHoxa3zareabeTBo. st GyHkimu P(z) crpaBeUTUBbI CIEIYIO-
mpe anredpandeckue npeodpa3oBaHus

Q=M 1-X) [ M Ao
P — —_ —
(z) /\1 — )\2 1-— )\1Z 1— )\22
1 o v o o
= I ) - e Y (et =
AL — Az k=0 k=0

STE A
( 0 )kZ:O M —

CpaBHuBasl mociefHee TpeacTaBieHue P(z) ¢ ero ompeaencHueM
o

P(z) = Zpkzk, nonydaem (10). Jlemma joka3ana.
k=0
3ameuanue 2. Uz dhopmynet (10) 6uono, umo pacnpedenenue 0is
8epossIMHOCMEl Py, 3A0AEMCSL ¢ MOYHOCIBIO 00 HOPMUPYIOULe20 MHO-
arcumens popmynoti bune .
9
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[Mocnennue aBe JIEMMbI MO3BOJISIOT OKA3aTh CIEAYIOIIYIO TEO-
pemy.

Teopema 2. V cucmemvt M3|M,,|1|co npu p < 1 cywecmeyem
cmayuonaproe pacnpedenenue npoyecca &(t). Ipu smom cmayuo-
HapHble 6epOMHOCIU MO2ym Oblmb HAlOeHbl NO hopmyram

(6]
(11) pr = (1 — pov) pSi (pj) ,

20e Sk (z) — muozounenv onpedensemvle paserncmeom (5).

JoxazarenbcTBo. Kak HeTpygHO 3aMeTuTh, JieMMBl 3. U 2. ¢
y4€ToM TipencTaBieHus bune (6) MO3BONSIOT HAMKCATh CIEAYIOUIYIO
LETIOYKY PaBEHCTB

)\k’-i-l Ak+1
— (1 — 1 2
pr = (1= pov) N
o - g
= 1 — 1% —_—— =
(1 = pov) pg b1 — o

KOTOpasi ¥ 3aBEpIIAeT J0Ka3aTeIbCTBO TEOPEMBI.

Xopomio uzectHo [1, c.113], uTo crarmoHapHBIE BEPOSATHOCTU
cuctemsl M)y |M,,|1|oco UMEIOT reoMeTpHYECKOe pacipeeeH e
(12) pr=(1—po)p§, k=0,1,....

Iockomnbky amst cuctemsl My | M, |1|oo cpennee uncio 3asBOK B
rpylme paBHO eAuHHLE, T.e. ¥ = 1, a g = 0, To popmyna (11) B
ITOM Clly4yae B CHIIy PaBeHCTBA Sy (%) = Sk (0) = 1 cormacyrorcst
¢ npencrapneHuem (12).

B 3akimoueHnn JaHHOTO MyHKTa OTMETHM, 4TO Ooiee moxpoOHO
¢dopmyiy (11) MOXKHO TPENCTAaBUTH B BUJC

B2
pe=(L—=pov)ps {1+ Y Ch_; <>

10
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3.2. OJJUH YACTHbIH BHUJ] CUCTEMbI M§|Mu|1]oo

B cuny npencrapieHus ugq = Sk (1) uncen ®@ubonaqun yepes3
MHOTOWIEHBI S, (2) B equHuIle YacTHBIA BUI hopmysst (11) okasbiBa-
eTcs Tak Ke CBA3aHHBIM ¢ ynuciaamMu dudonayun. OueBUIHO, YTO IS
3TOr0 AOCTAaTOYHO paccMOTpeTh npeacrasienue (11) npu

*2_q.

Po
Jins cuctemsr M3|M,,|1]oo u3 yenosust p < 1 crienyeT HepaBeHCTBO
az 1 —po
PO Po
U3 KOTOporo ¢ y4€toM HepaBeHcTBa 0 < pg < 1 clemyert, 4yTo BEJH-
YHHA 2 = (i/po MOXKET IPUHUMATD JIFOOBIC HEOTPUIIATEIIHBIC 3HA-
4yeHus. B yacTHOCTH W eMHUYHOE.

ITpu sToM orpanmndenue 0 < pg < 1 Taxke cllelyeT U3 HEpaBEH-
cTBa p < 1. JlelicTBUTENBHO, YCIOBUE HA 3arpy3Ky CHCTEMBI p < 1
¢ yu€tom mpencrtaBieHus ¥ = 1 + ago MOXET OBITh 3allCaHO B BH-
ne (1 + ag) po < 1. TlocnenHee HEPaBEHCTBO MOKA3bIBACT, YTO P HE
MoxeT TpeBbimarh 1 mpu 0 < ao < 1.

OcTtaércd BONpPOC IpU KAKMX 3HAUEHUSX < (WM, 9TO TO K€
camoe, pg) BO3MOXKHO CYIIECTBOBaHHME CTAlIMOHAPHBIX BEPOSATHOCTEH
pg. Kak HeTpyaHO MOHATH, OrpaHUYEHHSI MOTYT BO3SHHUKHYTBH TOJIEKO
W3 YCJIOBHSI HA Harpy3Ky cucteMbl. Clienyromast JeMma aéT OTBET Ha
MTOCTaBJICHHBII BOIIPOC.

0<

)

Jemma 4. Ilpu o = pgy ycrosue na Haepysky p < 1 npunumaem
6uo 0 < py < ‘(;3‘ zdquz 1_—2\/5
Joxa3zarenbcTBo. UYToObI BepostHocTH (11) cymiecTBoBau,
JIOJKHO BBINIOJIHATHCS YCIIOBUE Ha 3arpy3Ky cuctemsl p < 1. K Tomy
xKe, TIpU pg = iz YCIIOBHE p < 1 MOXeT ObITh IPEACTaBICHO B BUE
HEPaBEHCTBA
a3 +ay—1<0.

Otkyna mst 0 < g < 1 1pu pg = «ig YCIIOBHE HA HATPY3KY CUCTEMBI
MIPUHAMAET BUJI
Vb —1
O<ar=pp< — < 1.

2
11
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MHaYe TaHHOE PaBEHCTBO MOXKHO 3alUcaTh B BUIE po < |A2| wim

po < |¢

C yuéroM orpaHuyeHUd U3 JeMMbl 4. MPU YCIOBUU (2 = pg
u3 (11) B cuny pasencrBa Sy (1) = uy41 HmodydaeM mpeacTaBicHHE
IUISl CTallMOHAPHBIX BEPOSITHOCTEH cuctemsl M /\Q\M | 1]oco uepes umc-
na dubonayun. OdopMuM JaHHBIA Pe3yNbTaT B BUAE CIEAYIOIICH

TEOPEMBIL.

. CJ'IGI[OBaTCHBHO, JEMMa JOKa3aHa.

Teopema 3. [Jna cmayuonapnvix eeposmuocmeii pj CUCTHEMbI

maccogozo obcayorcusanus M3 |M,|1|oo npu yerosuu as = po u
po <

¢

(13) pe = (1 — pov) phugy1
1-/5
ey

I[0K333T6JII>CTBO. yTBep)K,I[eHI/IC TCOPEMBI CICAYCT U3 JICMMbIL 4.

cnpasednuso npeocmasienue vepes yucia ubonayyu

20e up — uucaia Pubonavuu, a ¢ =

U TOTO, YTO TP (¥ = P BEPHO PABEHCTBO S} (%) =Sk (1) = ugy1
U €ro CIIEICTBUE

a9
pr = (1 — pov) pESi <p0> = (1 — pov) piatgi1 -

TeopeMa JOKa3aHa.

3.3. O IIPUBJIEXXKEHUH K TEOMETPUYECKOMY

PACIIPEJIEJIEHHUIO

Ilonmy4yennoe Bwime (11) pacmpeneneHre CTanMOHAPHBIX BEPO-
SITHOCTEH Py NPHU OMNPEAEIEHHBIX YCIOBUAX MaJl0 OTIHYAIOTCS OT
IeOMETPUYECKOIo pacipeneieHus. To ecTh B 3TOM Cllydae HCKOMBIE
CTaLlMOHAapHbIE BEPOATHOCTH cucTeMbl M §|M 1| 1|oco acummToTHYECKH
HMEIOT TaKO€ K€ paclpelelcHue KaK U COTBETCTBYIOLIME UM BEpPOAT-
HocTH cuctemsl My | M, |1|oo.

Paccmorpum nmanHBIA Bompoc moapoOHee. Hauném c yacTHOTO
ciyyast ap = po. Ham nioHamoOuTest ciieACTBUM TEOPEMBI 3.

Cneocmeue 1. /[na cmayuonapuvix 6epOAMHOCHEN CUCHEMbI

M32|M,,|1]00 npu ycrosuii as = po u po < (5‘ cnpasednuso npeo-
cmasenenue
Ll — Rt
(14) pr = (1= pov) pg———=—,
¢—¢
12
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20e
5 1++/5 3 1-+5
2 2

HoxazarenbcTBo. J[0Ka3aTeNbCTBO IAHHOTO CIEICTBUS MOTy4da-
eTcst U3 comnocranieHus npencraeienus (13) u dopmynsl bune ans
gucen Oubonayuw [2, c. 24]

oF — ¢

Jloka3aTenbCTBO CIEeNCTBUS 3aKOHYCHO.

Teopema 4. B cucmeme M3|M,|1|oo npu evinonnenuu ycnosui

~

(25’ BEPOAMHOCMU D), UMerom dacCumMnmonmu4ecKku

Qo = po U po <
ceomempuvdeckoe pacnpe&eﬂeime:

_1—=pov

Pr =~ 7\/5

HoxazarenbctBo. IlpencraBnenne (14) mist BeposTHOCTEH

P COCTOUT W3 MPOU3BEACHUS “TEOMETPUUYECKOTO pacipeaesieHus’’
. ¢I<;+1_(£k+1

#=9 ’ k+1
MOZYJIIO CTPOrO MEHBLIE %. [ostomy Bemmumna P! = <%>

¢ (pod)* .

(1 — pov) pk u “dopmymns Bune B KOTOPOi () = 1;2\/5 1o

SKCIOHEHIIMATIBHO OBICTPO CTPEMHUTCS K HYIKO C POCTOM Kk, U Kak
crencTBue Tpu Gonmpmux k uncno ®ubonadun uy 6musko k ¢F /1/5,
TO €CTh .
¢k+1 _ (z)k—l-l ¢k+1
-0 V5
O4eBUIHO, YTO JUIS PA3HOCTH JBYX MOCICIHUX BEIIMYHH CIIPABE]IMBA
OIICHKA

¢k+1 ¢k+1 _ng-i-l qglﬁ-l 1 5 k+1
B o6 <\/5<8> |

Kak nokasano B iemme 4., Ipu aig = pg yCIOBHE CYIIECTBOBAHUS

CTallMOHAPHBIX BeposiTHOCTEN p < 1 mpuHumar Bug 0 < p < ‘¢E

I[aHHLIM 3aMCUYaHUECM 3aKaHYMBACTCA JOKA3aTCIbLCTBO TCOPEMEI.

13
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B obumiem ciydae Taxke CyIIECTBYET aHAJIOTHYHOE CBOWCTBO.
Jis ero nokaszaTensCTBa HaM IMMOHAIOOUTCS TIPEICTaBICHHE JIsl BEPO-
SITHOCTEN P, KOTOPOE BO3HUKIIO B XOZE JOKA3aTeIbCTBA TEOPEMBI 2.
VYKajkeM €ro SBHO B CIEIYIOIIEM CIIEACTBUU TEOPEMBI 2.

Cneocmeue 2. /[na cmayuonapuvix 6epOAMHOCHEN CUCHEMbI

M3|M,,|1|oco npu yenosuu p < 1 cnpaseonuso npedcmasnenue
LRt gkt
1

1 2
(15) pr = (1 = pov) pg o
20e

QU QU
¢_1+1/1+4p§ ¢_1_ f1+42
1= 72 5 ——2 .

HaHHO@ CJICACTBUC 6y,[l€T HCIIOJIB30BaHO B CJ'IC,[[yIOH.[eﬁ TCOpPEME.

2

Teopema 5. B cucmeme M| M,|1|0co npu esinonnenuu ycaosui

a9 < min (2pg; p% — po) u 0 < pg < 1 eepoamuocmu py, umerom

acumnmomu4decKu ceomempudecKkoe pacnpedefl €Hue.

1 —=pov k
. (pog1)”

Jloka3zareabcTBO. I[loCKONMbKY B 00IIeM cliydae CIipaBeiinBa
¢dopmymna (15)

Pk

k+1 k+1
k¢1 _¢2
pr =1 —pov)pg———7F7"—
(1 - pov) py pa—

KOTOpasi ecTh 00oOmmenune dhopmyisl (14), To mMOKa3aTeILCTBO OyIET
MOBTOPSATH JI0KA3aTeILCTBO MPEBLAYIICH TEOPEMbI C TOH pasHUIEH,

5 < 1 mo-

¢

SIBISIETCSI OTPaHUuCHHE |pa| < 1. Jlerko mpoBepHTh, YTO MOCICAHEES
HEpPaBEHCTBO BBINIOJIHAETCS, €Clid vy < 2pg. elcTBUTENnbHO, HEpa-
BEHCTBO |2 < 1 MOXHO 3amucarh B BUJIC

J1+422 -1

2

13 KOTOPOTO C YIETOM HEOTPHUIATETFHOCTH (v9 M TIOJOXKHUTEITEHOCTH
p0 DIIEMEHTAPHBIMH alre0pandecKuMHU MpeoOpa3oBaHUSMHK PUBECTH
K BULY (g < 2p0.

14
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Cucmemnuolil ananus

C npyroii CTOPOHBI, YCIIOBUE CYILIECTBOBAHHUS CTALMOHAPHBIX BE-
positHOCTeH (1 4 i2) po < 1 MOXKHO TIepenrcarh B BHAE (g < p%) —po-
OObenuuss 00a ycnoBus Ha aip ¢ yu€roMm HepaBeHcTBa 0 < po < 1,
HOJTy4aeM Hy)KHOe orpaHndeHre. Ha 3ToM 10Ka3aTesbcTBO TEOpEMbI
3aBEpILCHO.

4. BuHoMuanbHbIe pageHcmea u Yucna PuboHayyu

4.1. CTALIHUOHAPHOE PACIIPEJIEJIEHHUE U O/IHO
FUHOMHAJIbHOE PABEHCTBO
Teopemy 2. MOXXHO OBLTO OBI JTOKa3aTh HE WCIONBL3YS CBOHCTB
00001éHHOr0 OMHOMUANBHOTO psiza [3, ¢.256] B Bune hopmyisl bune.
Ho mpu 3TOM BO3HHKaeT HEOOXOANMOCTD B JIOKa3aTelbCTBE OMHOMHU-
asnpHOTO paBeHcTBa (16). anee npoBeném H0Ka3aTenbCTBO yTBEPXKIE-
HUS TEOPEMBI 2. C TOMOIIBIO IMPOCTHIX aJIre0pandecKkux npeodpazoBa-
HHUH 10 MecTa, B KOTOPOM OyaeT HeoOXOANMO HCIIOIb30BaTh OMHOMHU-
anbHOe paBeHCTBO (16). [IpuMeHeHne paBeHCTBA (€CIM CUMTATH €T
TOKa3aHHBIM [12, ¢.87]) sBIsAETCS MOCICIHUM IIIaroM 0 MpeBpare-
HUIO JI0Ka3aTeIbCcTBa TEOPEMBI 6. B 10Ka3aTelIbCTBO T€OpPEMBI 2. MEl
JKe, 3Hasl OTBET U CPAaBHUBAS €r0 ¢ MOCIIeaHe GopMymoit n3 moxasa-
TENBCTBA TEOPEMBI 6., JOCTaTOYHO IMPOCTO JOKAXKEM CIIPABEATHBOCTD
camoro paBeHcTBa (16).
Teopema 6. s 0 < j < |k/2] sepro pasencmeso
Lk/2] '
(16) o cpttal =2k
I=j
Joxa3zarenbcrBo. [ ynobcTBa onpenesnum 4ucio

4
b=/1+ 22
Po

Torma xkopuaH (9) MOTYT OBITH BBIITUCAHEI Yepe3 b

Po 4oy Po
AMo="—=(1x+,4/14+—=]=—=(1+L0b

15
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a mpousBozsiias ¢pyHkims P(z) B Bume

o0 >\k+1 o )\k+l .
Pl == 3 | =5 )+ =

k=0

_ 1 /—OO/;OV <p0>k+1 ( 1+b)k+1 —a _b)k+1> Sk

U3 MOoCJICAHCTO paBE€HCTBA CICAYCT CIIPABCAJIMBOCTDL IMPEACTABICHUA

o= 1 ;OZOV (%)k—&-l {(1 n b)k+1 (1 b)k—&-l} ,

KOTOpOE JIOMYCKAET CIICAYIOIINE MPeoOpa3oBaHust

k+ k+1
chﬂbl chﬂ ] -

1 — pov ket
-t

pob 2
Lk/2]
1 —pov k+1 2A+1,2041 | _
~ pob (?) ZQC’“‘H b N
Lk/2]

~1-mn (8)' | S et

[Moncrapnsist B mocieaHee paBeHCTBO 3HadeHne b = /1 + % U Je-

Jas 3JIeMEeHTapHbIe ajdreOpandeckue onepany, HaXOAUM SIBHBIH BUJ
BEPOSATHOCTEH MCKOMOI'O paclpeeieHus

ook Lk/2] l dos\!
—(1_ Po 20+1 aaz ) |
pr = (1= pov) ( 9 ) Z Crth (1 + 2 )

Lk/2] !

k . i
- () | et (M) ] -
Jj=0

=0

16
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Lk/2] 1
= (1=po) (5 SHPIP AT <4a2> -

=0 5=0

Lk/2] k/2] oo\
= (L—pov)pf | D Y 2 ety <p2>
0
Jj=0 1l=j

CpaBHHBas NIPaBYI 4acTh HocienHeil popMyibl Il pg, C MPEACTaB-
nerueM (11), yoexkmaeMcst B CIIpaBeITMBOCTH TEOPEMBL.

4.2. OJHO IIPE/ICTABJIEHHUE V11 YUCEJI ®UFOHAYYU
N3 (16) mig aucen ®uboHAIYN JETKO MONYyYNUTh MPEACTAaBICHNE
4yepe3 ABOMHYIO CyMMy
Lk/2] Lk/2]

(17) Upyr =y 257F Z citoy.
§=0
JleWicTBUTEIBHO,
lk/2] Lk/2] [%/2]

uppr =Sk (1) = > Cf_ =Y 2%7F Z citicd .
§=0 j=0 1=

W3 (17) nocne n3aMeHeHus opsaKa CyMMHPOBAHUS
[k/2] !
—k 2+1 j i
U1 = 2 Z et 24@;
noxry4aeTcs npencrasienne Karamana
|k/2)

— k 20+1
Upy1 =27 Z5C,€+1 :

Takum o0pazom, u3 (17) nonyuaercs npeacrasinenue Karanana u ¢pop-
myna Jlykaca.

17
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4.3. IIPOU3BOJALIAA ®YHKLINA YHNCEJI ®UBOHAYYHU
CBs3p uncen PuOOHaU4M C BEPOATHOCTSAMHU IO3BOJIAET BEPO-
STHOCTHBIM CIIOCOOOM JOCTaTOYHO OBICTPO MOMYYHTH HOPMYITY AJIS
npousBosmel GyHkumy yncen OuboHATIH.
Mockonbky pr = (1 — pov) Upy1pf CyTh BEPOATHOCTH, TO HX
CyMMa paBHA €IUHMUIIE, T.€. CIIPABEAIMBO PABEHCTBO

o0
(1= pov) Zukﬂplg =1.
k=0

ITocnennee ToXAECTBO C YU4ETOM PaBEHCTB v = 1 + aw, po = Qo,
ug = 0 mociie 3aMEeHBI & = (v JIETKO MPUBOAUTCS K BUIY

o]
Zukxk = 71: .
— (1—2—2a?)

5. 3aknoyeHue

B nannoii paGote B pamkax cucrembl MZ|M,,|1|co naiineno an-
redpandeckoe npezacrasieHne (11) st BEposSTHOCTEH CTallMOHAPHOTO
nporecca &(t), U3 KOTOPOTO BHIIHO, YTO JaHHBIC BEPOSTHOCTH 3aBH-
CAT OT (i U TpH (v = () COBMAJAIOT C COOTBETCTBYOIIMMH BEPOSIT-
HocTsiMu cuctemsl M| M, |1|co. OTnuune 3aKiII04aeTcst B MOSIBICHHH

YIEHOB BHJA (%) , TIe pp = %, a k € N. IIpu atom Ko3pdUIIeHTs!

nepes TaHHBIMH CIIaraeMbIMH SIBJISIOTCS HATYPAJIbHBIMU YHCIIAMHU.
[MTockonbKy NOMyYEHHOE paclpeielieHue COAECPIKUT 0000IIEHHbIC

MHOTowIeHbl PUOOHAYYH, TO B YACTHOM CiTydae MOSBIISIETCS pacripe-

JIeNieHre coziepakaiiue yucia Oubonaqyu.

18
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ONE QUEUEING SYSTEM AND FIBONACCI
NUMBERS

Vitaly Sobolev, Moscow, Cand.Sc., free researcher
(sobolev_vn@mail.ru).

Abstract: This paper deals with a queuing system with Poisson arrivals, exponential
service times, single service channel and infinite number of waiting positions,
customers are serviced in the order of their arrival. The requests arrives in groups and
the number of requests in a group is one or two. The group size is distributed over 1,2.
For this queueing system be found in algebraic form the steady-state probabilities
for the number of customers in the system. A probability mass function of this
distribution can be defined by polynomials like polynomials Fibonacci. It turns out the
geometric distribution is a special case of this distribution. Fibonacci numbers can
be expressed in terms of the polynomials like polynomials Fibonacci. Consequently
our distribution expressed in terms of this polynomials under certain conditions can
be written in terms of Fibonacci numbers. The Binet formula for the polynomials
like polynomials Fibonacci is shown that in some cases the found distribution
is asymptotically geometric distribution. In this case, the error of approximation
decreases exponentially fast. In article provides a probabilistic derivation for a
generating function for the Fibonacci numbers. In this paper it is shown that the
Bernoulli numbers can be expressed as an elementary double sum of binomial
coefficients. Changing the order in that double sum and summing one of them get
a formula for Fibonacci numbers which appears in Catalan or Lucas formula for
Fibonacci numbers.

Keywords: queueing system, batch arrivals, stationary distribution,
probability generating functions, Fibonacci numbers, binomial coefficients,
sums of binomial coefficients, Fibonacci sequence, Generalized Fibonacci
polynomials, Binet’s Fibonacci number formula, Generalized Fibonacci
numbers, Binet form, generating function, generating function for a
Fibonacci numbers, geometric distribution, Pisot number.
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